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Abstract. The problem of the stability of the interface between the solar wind and the
magnetosphere is investigated by means of hydromagnetic equations. An explicit criterion of
instability is written for the special case in which both the solar plasma and the magneto-
spheric medium are supposed to be of the same density and carry a uniform magnetic field in
the direction of streaming. It is concluded that the magnetospheric boundary is likely to be
unstable toward the tail and under comparatively quiet solar conditions. It is suggested that
the characteristic effects of instability should be observed toward the night side, preferabl?' g

with space exploration vehicles.

InTRODUCTION

It is now generally established that a continual
expansion of the solar corona leads to a solar
wind which blows radially into space [Parker,
1963]. The solar plasma interacts with the geo-
magnetic field, confining it in a region called the
magnetosphere. The magnetosphere is asym-
metrical in form and has the shape of a tear drop,
with a ‘tail’ pointing away from the sun. An
important question which has evoked some
controversy in the literature is that of stability
of the interface between the solar wind and the
geomagnetic field. Dungey [1955] and Parker
[1958] concluded on theoretical grounds that the
interface is unstable. Dessler [1961], on the other
hand, contends, on the basis of transient geo-
magnetic activity data obtained at the earth’s
surface from magnetometers, that the interface
is stable. If the latter inference be correct,
theories of aurora, magnetic storms, and
Van Allen radiation which make use of the
concept of turbulent solar injection need to be
re-examined.

The purpose of the present paper is to investi-
gate the hydromagnetic stability of a model of
the interface between the solar wind and the
magnetosphere. The solar wind, on impinging
upon the magnetospheric boundary, slips past it,
leading to a situation in which Kelvin-Helmholtz
instability should play an important role. We
regard both the solar beam and the magneto-
spheric medium as uniform infinitely extended
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plasmas of zero dissipation having a planar inter-
face. Further, we assume that the solar wind
and the magnetospheric medium carry homo-
geneous constant magnetic fields which may be
unequal, leading to a current sheet at the
interface.

We shall regard the solar wind and the mag-
netospheric medium as continuum fluids. This
assumption should be reasonable, as the proton
Larmor radius in the interplanetary magnetic
field can be shown to be small compared with a
typical dimension characterizing the magneto-
sphere [Azford, 1962].

EQUATIONS OF THE PROBLEM

Consider a system of Cartesian axes with the
z direction vertical. Suppose that a plane surface
of discontinuity of tangential velocity (vortex
sheet) and of magnetic field (current sheet) exists
at the common interface (z = 0) between two
semi-infinitely extended homogeneous nondissi-
pative plasmas. Let the uniform velocities and
the uniform magnetic fields (both in the hori-
zontal plane) be Uy, U, and H,, H,, respectively,
for z < 0 and z > 0 regions. Let p, and p: denote
the uniform densities of the lower and the upper
plasmas characterized by sound speeds C, and
C,, respectively.

The steady state of the configuration requires

Vp =0 (1)

for either medium. Here p denotes the plasma
pressure. Further, the equilibrium of the inter-
face is governed by
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H,
Pt =Pt (2

To investigate the stability of the initial steady
state, let us consider the effect of & small velocity
field disturbance u with components u, v, w in
the z, y, z directions.

We write:

v = [U,., Uy, 0] + u(z, y, 2,9

e = po+ 8p(x,y,2, 0 )
p=p+ op(z, 4,2, 1)

H = [H,,, Ho,, 0] + h(z, y, 2, 1)

where 6p, 6p, and h denote perturbations in
density, pressure, and magnetic field, respec-
tively, and the suffix 0 refers to equilibrium
values. The perturbations are assumed to be of
first order of smallness, so that powers higher
than the first and their mutual products are
neglected.

Assuming the components of the perturbations
to vary with z, y, 2, t, as (some functions of z)
exp [tk.z + tk,y -+ ni], we can write the linearized
hydromagnetic equations as:

po(n + ik-Ug)u

= —1ik.0p — Ho, (tk.h, — tk,h.) 4
4
po(n + tk-Uy)w
= —ik,dp + H"'(ikh — ik,h.) (5)
- ity 0P ir zlty Wy,
po(n + tk-Ug)w = — Dép
- & (th - ikxht) + ﬂ ('Irkvh, - Dh')
4r 4
(6)
(n + ik-Up)dp = —poV-u (7
3p = C%8p (8)

(n + ik-U)h, = ik-Hu — H,V-u  (9)
ik-Hp — Ho,V-u (10)
(11
(12)

(n + ik-Ugk, =
(n + ik-Up)k, = ik-Hyw

tkh, + ik, + Dh, = 0

where D stands for d/dz.

8. P. TALWAR

Let us now eliminate some of the variables
and derive an equation for, say, the vertical
component w of velocity perturbation vector.
We multiply (4) and (5) by 1k, and t%,, respec-
tively, and add to obtain

po(n + ik-Uo)(V -u — Dw) + (ik.h, — tk,h.)

- (b Hy, ~ ihHo) = op (13)

where
E=r"+k
Eliminating §p from (6) and (13) we get:
—pon + ik-UND* — F)w
+ po(n + ik-U,) DV -u

H,,
+ 4

(14

[ik,{ik, Dh, — ik, Dh.}

+ kz{th - ikyhz}]

Ho, [¢%,{ik.Dh, — ik, Dh,}
4

— ¥*{Dh, — ik,h,}] = 0 (15)

The magnetic field terms in (15) reduce to, on
using (9)—(12),

— [(Bo-k)/4x(n + ik-U))(D* — F)w

The perturbation equation 15 is written as

(k- Vy)* ]
[1 + (n + ik-U,)*

(PP - F)w— DV-u=0 17
where V, denotes the Alfvén velocity vector

H,/(47p,)*. The expression for V-u is now
obtained from the (7), (8), (9), (10), and (13) as

(16)

V-ulCk + (n + ik-Up)® + (k X Vo)’]
= (n 4+ k-Ug)’Dw — k- Vo(Vy X k)¢

where { is written for (tk,v — ik, u).

(18)

Let us now evaluate { by eliminating dp from
(4) and (5). We get

e + k- Ty)* + (k- Vo)*]
= —V-uk - Vik X V)
8) and (19), we obtain

(19)
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V-ul{(n + ik-U)* + C¥*}{(n + ik-U,)°
+ (& Vo)*} + (n + tk-Up)’(k X Vo)?]

= (n + ik-U)*{(n + ik-U,)* + (k-V,)’} Dw
(20)
Substituting (20) in (17) we obtain

D*w[{(n + ik-Up)* + (k- V,)*}
A + ik-U,)* + C°k*}
+ (n + k- Up)’(k X Vo)’ — (n + ik-Uy)*]
= Ful{(n + ik-U,)* + (k-Vo)’}
A + kU) + Ck}
+ (n + ik-Uy)’(k X Vy)?]

as the equation determining w.

1

Boounpary CoNDITIONS AND DISPERSION
RELATION

For a configuration of two superposed uniform
plasmas slipping past each other at the horizontal
interface z = 0, the respective solutions, vanish-
ing at z = J=, of (21) are written as:

w, =

A, ™’ (z <0
Arye™ (2> 0)

(22)
w, =
where
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Here n; is written for n 4 ik- U, for brevity.
At the common interface we have to satisfy
the following boundary conditions:

1. The normal component of velocity is con-

tinuous; this condition leads to
0, 2,
w, — Ui, £ - Uy, a—j
e — .. 9 g 0% _ O
= W, U2:r az UZv ay - (')t (24)

where £ denotes the small displacement of the
interface. Using (22) we get

4, = Axnz/nl (25)

2. The normal component of the magnetic
field is continuous. We can easily verify that
this condition is automatically satisfied as a
consequence of condition 1.

3. The normal stress should be continuous
across the interface. This means that

opy — 8pp + = [H,-(0); — H,-(B),] = 0

ir
(26)

When we use (11), (12), (13), (20), and (25)
and simplify, (26) gives, in (27):

[ 4 (- V,))n + K07 + 0 X V)

m,»2 = kz [{n,—z + (k’V,»)z}{n;2+ kzciz} + ﬂiz(k X Vj)2 — n,"] (23)
2 4 2 [{n22 + (k'vz)z}{nzz + kzczz} + nz2(k X Vz)z - n24]
P2m2[7l2 + (k-V,) ] [{nzz F (k-V,)z}{nzz ¥ kzc,zz} F nzz(k X vz)z]
F pomlnd + (k-V)?] [{n® + (&-V)*}{ni” + £°C)°) + m(k X V) — m] _ 0 (@)

[{n12 + (k'vl)z}{nxz + kzclz} + nlz(k X V1)2]

Substituting the expressions for mi, m. as given by (23), we finally obtain the dispersion

relation in the following form:

P:'["22 + (k' v2)2]

[{"'22 + (k’vz)z} {"22 + ’02012} + nzz(k X v2)2 - n24]1/2

[{n22 + (k'vz)z} {"22 + k2022} + 7’22(k X Vz)z]l/2
{n,” + &-V))’}{n® + FC°} + n'(k X V)° —

nl4]1/2

+ Pl["]z -+ (k‘vx)2] [

Equation 28 is the characteristic equation for
n, the parameter determining the stability of the
configuration. It is rather unwieldy for discussion
in the general case, and we shall therefore discuss

[{"12 + (k‘vl)z}{"xz + k2012} + n12(k X vl)z]l/z

(28)

some special cases, assuming H,, H,, U,, U, to
be parallel vectors. The assumption should be
reasonable, as the solar wind drags the solar-
magnetic field with it during radial expansion.
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DiscussioN oF REsULTS

Propagation transverse to the direction of
streaming (k, = 0, k, = k). If the streaming
plasmas carry the same magnetic field (ie.,
H, = H,) and are characterized by the same vy
(ratio of the two specific heats), the equilibrium
of the interface (equation 2) gives

P 012 = onz2 (29)

U1 — &) — 2U0U,°(1 + &)

S. P. TALWAR

where C,, C5, and V,, V, are related by (29) and
(30), respectively. If both C, and C: tend to
infinity, the above equation gives the dispersion
formula for Kelvin-Helmholtz instability for
incompressible fluids in hydromagnetics. This is
the same equation obtained and discussed in
earlier papers {Talwar, 1961, 1962].

To simplify the discussion still further, let us
take U = —U. = U, Equation 32 is then
written as:

— U1 — ®[UP+ (1 + 8C°] + 4UU U1 + 8 + ¢.' (1 + &)

21 — o — 1 — s020.2 ___C_‘Y__’__}
+ U1 5)[ Ut = 6UMC (1 + ) + 28 (o

+ U,,[—zu"(l + &) + 4U°C1 + &%) —

+ (1 — a)[U" — U+ 8) +

Also
P1 V12 = P2 sz (30)
The dispersion equation, when the wave vector

is nonvanishing in the direction transverse to
streaming alone, reduces to

[ ]
2 Clz l ~V12
L »

o] @

where U, is the phase velocity of disturbance,
given by in/k.

The configuration of two slipping plasmas is
therefore stable, as can be easily verified, for
perturbations characterized by k., = 0, &k, = k.
The perturbation, having a nonvanishing wave
number k. along the direction of streaming may,
however, bring about instability. Let us therefore
investigate the question of the stability of
the configuration for the other extreme case,
k, =k, k, = 0.

Propagation parallel to the direction of streaming
(k, = k, k, = 0). In this particular case, the
general dispersion equation 28 reduces to

U,)°

4UC T,
(C* + V)
20%5C,* V:] _ o
.’ + v.H)

8(1 + 5)]

(33)

Here 8 = ps/p1, and we have used (29) and
(30). Equation 33 is a sixth degree equation in
phase velocity, and to insure that the configura-
tion of two slipping plasmas is stable also for
perturbations along the direction of streaming,
we require that all the roots of the above equa-
tion should be real. In a particularly simple case,
where we take § = 1 so that different layers of
the same plasma fluid permeated with a uniform
horizontal magnetic field have a relative tan-
gential velocity, (33) gives:

U, — 2U,(C* + U»)

4 2 2 2C4V2 .
+[U — 2UC +——Cz+ Vz] =0 (34

wherenow C; = C. = Cand Vi =V, = V.
Equation 33 gives the following condition for
the stability of the configuration

[ (Cz _ Vz)l/zill/z
U>Ci1+ TV

Here 2U denotes the relative speed between two
layers of the plasma characterized by the sound

(35)

sz _ (Uz - 1 27 2 2 2 2y11/2
P2 c; — (U, — ,,)2 [C.° V)" — (U, — U,)(Cy" + V)]

U,)’

— |:V12 _ (Ul -
(4 C,z— (U1 —

1/2
) 2:] [012 V12 - (U\ - Up)2(012 + Vlz)]l/Z (32)
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speed C and hydromagnetic speed V. In the
absence of a magnetic field, we get the condition
for stability U > +/2C. We thus conclude that,
whereas a tangential discontinuity in a liquid
is unstable for all nonzero speeds in the absence
of magnetic field, it is no longer so unless the
relative speed is smaller than a certain critical
value in a compressible fluid. In the presence of
magnetic fields the stability of the vortex sheet
in compressible plasmas is improved (as also is
the case with infinitely conducting liquids) in
that the critical relative speed below which the
configuration is unstable is decreased as a
consequence of the magnetic field. Alternatively,
we could conclude that any relative speed
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between two layers of plasma can be stabilized
by a strong enough magnetic field given by:

V.= UlC’(2¢0® — U

* W=+
Figures 1 and 2, respectively, show the depend-
ence of critical tangential velocity U* in units
of C as a function of V/C and that of critical
Alfvén speed against U2/C*.

The above results should have a useful appli-
cation in determining whether the interface of
the magnetosphere with the solar wind is stable
or not. Observations [Gringauz et al., 1960;
Bridge et al., 1961] show that the solar wind has
s speed ~250-400 km/sec and density ~10

(36)

1.5
1.4
L3
U‘/C
\
Ll
1.0
o 0.2 04 0.6 08 1.0 1.2
v/c

Fig. 1. A plot of the critical tangential velocity U* as measured in units of C, against V/C,
the ratio of the Alfvén speed to the sound speed.



2712 8. P. TALWAR
1.0 —
/ AN
0.9 //, \\\k\
08 /
A\
0.6 /// \\‘

L 7AY 0.5 /

0.4

0.3

0.2

0.1

o

(o] 0.2 0.4 0.6

0.8

1.0 L2 14 16 1.8
vict

Fig. 2. The dependence of the critical Alfvén speed V. against U?/C?, the square of the ratio
of the tangential speed to the sound speed.

profons per cc under quiet solar conditions.
When the sun is active, these values may mount
to ~10* km/sec with densities ~300 per cc.
The speed of the incoming solar wind is there-
fore supersonic as it hits the magnetosphere.
As the solar wind streams along the magneto-
spheric boundary, the speed of solar plasma
relative to the medium within the magnetospheric
boundary is likely to diminish in value. This
may be on account of internal motions within
the magnetosphere [Gold, 1959]. The internal
convective motions (roughly along the magneto-
spheric boundary) may arise as a result of
viscous-like interaction between the magneto-
sphere and the solar wind [Axford and Hines,
1961]. If this relative speed is continuously
diminished as the solar wind sweeps around
nrom the day side to the night side of the mag-
fetosphere, it may very well happen that the
relative speed at some place on the interface
becomes less than the critical value given by (34),
and that part of the interface thereafter becomes

unstable. This situation leading to the instability
of the magnetosphere—solar wind interface is
likely to arise toward the tail of the magneto-
sphere and under quiet solar conditions when the
speed of the incoming solar wind is relatively
small. A verification of the above ideas is possible
if it can be ascertained that the characteristic
effects of instability, e.g. turbulence, high-level
geomagnetic fluctuations, and irregularities of
ionization density, are observed during com-
paratively quiet solar conditions and more so
toward the night side.
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